Abstract. Let S 0 be a smooth and compact real variety given by a reduced regular sequence of polynomials f 1 , . . . , f p . This paper is devoted to the algorithmic problem of finding efficiently a representative point for each connected component of S 0 . For this purpose we exhibit explicit polynomial equations that describe the generic polar varieties of S 0 . This leads to a procedure which solves our algorithmic problem in time that is polynomial in the (extrinsic) description length of the input equations f 1 , . . . , f p and in a suitably introduced, intrinsic geometric parameter, called the degree of the real interpretation of the given equation system f 1 , . . . , f p .
Introduction
The core of this paper consists in the exhibition of a system of canonical equations which describe locally the generic polar varieties of a given
Research partially supported by the following German, French, Spanish and Argentinian grants: BA 1257/4-1 (DFG), ARG 018/98 INF (BMBF), UMS 658, ECOS A99E06, DGI-CYT PB96-0671-C02-02, ANPCyT 03-00000-01593, UBACYT TW 80 and PIP CONICET 4571/96. The first two authors wish to thank the MSRI at Berkeley for its hospitality during their stay, fall 1998. semialgebraic complete intersection manifold S 0 contained in the real ndimensional affine space R n . This purely mathematical description of the polar varieties allows the design of a new type of efficient algorithm (with intrinsic complexity bounds), which computes, in case that S 0 is smooth and compact, at least one representative point for each connected component of S 0 (the algorithm returns each such point in a suitable symbolic codification). This new algorithm (and, in particular, its complexity) is the main practical outcome of the present paper. Let us now briefly describe our results.
Suppose that the real variety S 0 is compact and given by polynomial equations of the following form:
where p, n ∈ N, p ≤ n and f 1 , . . . , f p belong to the polynomial ring Q[X 1 , . . . , X n ] in the indeterminates X 1 , . . . , X n over the rational numbers Q. Let d be a given natural number and assume that for 1 ≤ k ≤ p the total degree deg f k of the polynomial f k is bounded by d. Moreover, we suppose that the polynomials f 1 , . . . , f p form a regular sequence in Q[X 1 , . . . , X n ] and that they are given by a division-free arithmetic circuit of size L that evaluates them in any given point of the real (or complex) n-dimensional affine space R n (or C n ). Further, we assume that the Jacobian J(f 1 , . . . , f p ) of the equation system f 1 = · · · = f p = 0 has maximal rank in any point of S 0 (thus, implicitly, we assume that S 0 is smooth). Let W 0 := V (f 1 , . . . , f p ) denote the (complex) algebraic variety defined by the polynomials f 1 , . . . , f p in the affine space C n . We denote the singular locus of W 0 by SingW 0 .
Moreover, let us suppose that the variables X 1 , . . . , X n are in generic position with respect to the equation system f 1 , . . . , f p . For 1 ≤ i ≤ n − p let W i be the i-th formal (complex) polar variety associated with W 0 (and the variables X p+i , . . . , X n ).
Further, let us denote the real counterpart of W i by S i := W i ∩R n . We call S i the i-th formal real polar variety associated with the real semialgebraic variety S 0 (and the variables X p+i , . . . , X n ) . It turns out that the (locally) closed sets W i \ SingW 0 (resp. S i ) are either empty or complex (resp. real) smooth manifolds of dimension n − (p + i). Moreover, for 1 ≤ i ≤ n − p, one sees easily that
is the i-th polar variety (in the usual sense) associated with W 0 and the variables X p+i , . . . , X n (here, W i \ SingW 0 denotes the Q-Zariski closure in C n of the quasi-affine variety W i \ SingW 0 ). For a precise definition of the notion of formal polar varieties and of polar varieties in the usual sense we refer to Section 2.
